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A Theoretical Details

We will include omitted technical details in the main context. We first summarize all the required
additional assumptions in Section[A.T] Then, we provide omitted proofs for Section 3]in Section[A.7]
and omitted proofs for Sectiond]in Section[A.3]

A.1 Assumptions

In this subsection, we summarize all the additional assumptions we will use to build various theoretical
results in this paper. Before we state the assumptions, we need some further notations.

Let us denote ¥(#) as the collection of minimizers of [ p(z,0)||Vglogp(z,0) — s(z,0;)||*dz for
the given 6. We further denote the empirical estimation function for the two terms, i.e.,

[ 96e0) stz 850 — 29 logp(z.6) T s(2,650) )

as .]A,,L,k(w; 6) following the methods in Sectionfor any 6 in the trajectory {6, }7_,, where n and k
are the number of samples we get at each iteration for 6, and perturbed policies.

Meaning of each assumption. Assumption is used to establish the asymptotic normality of
our estimator under performativity. Additionally, we use the fact that the population loss Hessians
H;(0) = VEEZND(é)E(z; ) are positive definite, which is guaranteed by the strong convexity of
the loss function (Assumption [3.I). Assumption [A.2] and [A.3] are used in the analysis of score
matching. Assumption based on the differentiation lemma [[16], ensures the interchangeability
of integration and differentiation. Assumption[A.3|guarantees the consistency of the score matching
estimator. Assumption and parallel to Assumption [3.1[a) and and are used to establish
the consistency and asymptotic normality of our PPI estimator under performativity. Conditions
such as local Lipschitz continuity and positive definiteness are standard for establishing asymptotic
normality. Similar assumptions are also imposed in [L1]].

Assumption A.1 (Positive Definiteness & Regularity Conditions for the Estimator). We assume the
following.
(a). The loss function satisfies the the gradient covariance matrices are positive definite:

Vé(@) = CovaD(é) (Vgé(z; 9)) - 0,
for any 6,0 € ©.
(b). For any sample size n, assume the M-estimator 0, has a density function with respect to the

Lebesgue measure, and its characteristic function is absolutely integrable.
Assumption A.2 (Regularity Condition for M). Assume that for Vi:

dlog M (=,6;¢)

(a). The function z — p(z, §) is Lebesgue integrable.

20
(b). For almost every z € Z (with respect to Lebesgue measure), the partial derivative
0 0log M (z,0;) )
m p(Z, G)T exists.

(). There exists a Lebesgue-integrable function H (z) such that for almost every z € Z,
0 Olog M (z,0;)

200 [p(z,e) EYI0)

Assumption A.3 (Consistency of Optimizer). We let k grows along with n such that n — oo leads

to k — oco. We assume that the class M (z, 6; ) is rich enough that for all # € ©, there exists 1)* (6)
such that M(z, 0;1*(0)) = p(z, #). Moreover, for the underlying trajectory {6;}7_,,

nll_)rr;o argminy, Jp, x(¥;0;) C W(0;).

< H(z2).

Assumption A.4 (Local Lipschitzness with f). Loss function £(z, f(z); 6) is locally Lipschitz: for
each 0 € ©, there exist a neighborhood Y(¢) of 6 such that £(z, f(z);6) is L/ (z) Lipschitz w.r.t 6
forall @ € Y(0) and E,p,. (gL' () < o0.

12
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Assumption A.5 (Positive Definiteness with f & Regularity Conditions for the PPI Estimator). We
assume the following.

(a). Assume the loss function satisfies the the gradient covariance matrices are positive definite:
V3(0) = Cov, _p (Val(20)) =0, VI(0) = Cov, p_ 4 (Vellw, f(2);0)) =0,
for any 6,6.

(b). For any sample size n, assume éf Pl has a density function with respect to the Lebesgue measure,
and its characteristic function is absolutely integrable.

A.2 Details of Section[3; Theory of Inference under Performativity

We provide the omitted details in Section 3]

A.2.1 Consistency and Central Limit Theorem of 0,

Let us denote:

n

Zf(zi;ﬁ),

i=1

L;(0):=E, p@l(z0), Lg,0):=

SRS

where the samples z; = (z;, ;) ~ D(6) are drawn from the distribution under 6.
Proposition A.6 (Consistency of §;, Restatement of Proposition . Under Assumption if
e < %, then for any given T > 0, we have that for all t € [T,

0, L0,

Proof. Letus denote G/(6) := argming, ¢ LN L €(2;0") where the samples z; ~ D(6) are drawn
for some parameter 6 along the dynamic trajectory 6y — O — -0y — .
160 — 62| = |G (B:—1) — G(B:-1)l|
<G(0r-1) = GOr-1) | + G0 1) — G(br)|

< |G Br) — GO +e§\|eH bl

where the last inequality follows from the results derived by [23]], under Assumption[3.1] we have
IG(8) = GO < =6 —¢']|.

Notice that E(L; (0)) = L, , (). By local Lipschitz condition, there exists €9 > 0 such that

0i_1,n
P
sup |£@t71,n(0) - L, | (0)] — 0.
0:0—G(8-1)[|<eo
Since ¢ is strongly convex for any 0, G (ét,l) is unique. Then we know that there exists ¢ such that
Ly, o 0) =Ly (G(0r—1)) > dforall@in {0 | |0 — G(0:—1)]| = eo}. Then it follows that:

inf Ly .0)—L; (G(0:-1))
[[0—G(0¢—1)]|=€0 ’ ’

= it (8, 0= L5 (0) + (L5, 0) — £5_(G(Br1))
[10=G(0:-1)lI=€0

+ (L, , (G(Bi-1)) — ﬁét,l,n(G(ét—l))D
2(5 — Op(l).
Then we consider any fixed 0 such that |0 — G(6;,_1)]|| > e it follows that

, 0 — G0 A
Lovsnl® = £, n(G0-1)) 2 w_G((gl)) (L6, @)~ £5,_, 1 (GlB:1))

13
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0 — G(b;—
> M((g —op(1)) >0 —op(1),
€o
where the first inequality holds for any w by the convexity condition of £; ,,(0), and the second
0—G(6;_1)
10-G(0c-1)ll

that || — G(;_1)| = €o can be the minimizer of L4, ,(0). Then 1G(0s—1) — G(B:—1)|| 0.

inequality holds as we take w = e+G (ét_l) and using the above result. Thus no 6 such

We then have, for a given T' > 0, we have that for all ¢ € [T,
t
10: = 041 Z )G — G .
i=0

Thus, we conclude that ét — 0. [

Theorem A.7 (Central Limit Theorem of 6,, Restatement of Theorem . Under Assumption
and ife < 2, then for any given T > 0, we have that for all t € [T,

V(0 — 0:) 25 N (0,,)

with

t t—1

Vi=>_ [[VG6r) Hvaek]
=1 Lk=i

In particular, VG (0r) = —Hp, (054+1) " (V4Esun(0,) Vol (25 011)), where NV is taking gradient
for the parameter in D(0), Vg is taking gradient for the parameter in {(z; 0) and HZ;; VG(0y) = 1.

297 1

Proof. LetU, := \/ﬁ(ét — 6;) and denote 0, =G (ét_l). We make the following decomposition:
ét —9,5 - (ét —Ht)—l—(ét —ét)
—_——— ——
Y] )

Step 1: Conditional distribution of U;|U;_;.

For term (1), we have

V(0 — 0y) = Vn(G(0y—1) — G(0;-1)).

For term (2), the empirical process analysis in [1] establishes that

Vi, = 0:) | -1 2> N (0,25, (8:)),

where the variance is given by

zéH(ét) = H@H(ét)—%tfl(ét)HéH (0,71

Conditioning on 0,_, and considering the distribution D(ét_1), for any function h, we use the
following shorthand notations:

1 n
== > h(@iyi),  Guh= V(B - E, yyopi M@ 9))).

Note that §; = G(ét,l). Recall that

1 n
Li0):= B lw,y;0), L5, :=— Y Ui y;0), where (5,y;) ~ D(6).
(m,y)N'D(G) n i—1

Under the assumptions, Lemma 19.31 in [29] implies that for every sequence h,, = Op(1), we have

~h, . 5
Gy [\/ﬁ (5(% y; O + ﬁ) —U(z,y; 90) — hy, Vol(z,y; 0;)

14



363  Applying second-order Taylor expansion, we obtain that

~ h, _ ~ h, _
nEn <£($, Y et + %) - g(l‘, Y Ht)) =N (Eét—l(et + %) - E(;t_l(Ht))
+h) G, Vol(z,y; 0) + 0p(1)
1 ~ -
= 5hﬂ{éH(et)hn + hy G, Vel(x,y;0;) + 0,(1).

w4 Sethi = /n(0,—0,) and h,, = —H; _ (0,)"'G,,Vol(x,y;0;). Corollary 5.53 in [29] implies they
35 are Op(1).

Since ét is the minimizer of ﬁn_ b, 1> the first term is smaller than the second term. We can rearrange
the terms and obtain:

1
—(h*
5 (b -

ha)" Hy, | (60)(hy, — hy) = op(1),

ses  which leads to A} — h,, = Op(1). Then the above asymptotic normality result follows directly by
37 applying the central limit theorem (CLT) to the following terms, conditioning on 6;_1:

Vi —0:) | 0,y = =—Hy | (6:)7"S +op(1),

\/>Z V9£ xt i Yt, z,et) E R [Veg(xay;ét)])-

(z,y)~D(0¢—1)

ses Note that, conditioning on ét_l, (1) is a constant. Therefore, (1) and (2) follow a joint Gaussian
se9 distribution. Consequently, given U;_1, the conditional distribution of U, is given by:

Up | Upm1 = V(0 — 01) | 01—y
= V(0 — 1) + V(0 — 0,) | 6,1
= \/ﬁ(G(ét,l) G(01-1)) + \f(et ét) | 01
2y N (VG hri1) = G(0:i-1), 55, (B1)) -

=N(¢ﬁ( (2

s70  For later references, we denote Uy | Uy_1 - N (u(Ui—1), S(Up_1)).

Uiy
\/>

+0i-1) — G(6:-1)), ZU\tF1+0t 1(G(

+ 0 1)))

371 Step 2: Marginal distribution of U;. We calculate the characteristic function of U, by induction. To
372 begin with, we directly have

X1 B N(0,V1), Vi =3y, (01).
Now, assume that U;_; =NyYe (0, Vi_1), we derive the joint distribution of (Uy, U;_1) and marginal

distribution of U;. Then we have, the characteristics functions ¢ and the probability density function
p of distributions U;_; and Uy | U;_1 follow:

1 1 T
(bUt—l(S) — d)N(O,Vt—l)(S) = eXp<—§STV;,18)7 pUt—l(u) = W/e—zz u(bUt—l(Z)dz

. 1
DU U, (5) = ON(u(Ur-1), 5 (U1)) (8) = exp(is” p(U—1) — gst(Utfl)S)

373 Then we have

v, (s) = Ee* Ut = E(E(e™ U | Up_1)) = Eu,_, $un v, (s | Us—1)
- / Sustn (5 | W) Py (1) du

~ [buivits 10 @ [t mon ) dzdu

15



—iz u
bu, v, (8 | u) du, ,(2)e dz du

—

xp(zs w(Us—1) — Z(Ut 1)8 ) exp( LTy, 12) e~ U dzy du,

Il
9.
\Q

—
©
3

Ny

U

ex p(zs w(Us—1) — (Ut 1)8 )(/exp( LWz —iz u) dz)d

—_

(‘D

xp(is p(Ui—1) — 55" S(Ui-1)s)

~—
sH

I
9.
\\\

X
o
- =

@

o]

e}

|

Nl

I
™
=)

Y
»—l\

WTVZhu) exp (=4 (= = ViZhin) Vi (= = ViThin) dz ) du

vl

1
§UTVt:11U)) du

ex (zs w(Us_1) — LsT"S(U_1)s )((2m)2 ~exp(—

o
det |V;5,1‘

1 1

. T T T

= exp(is” w(Ui—1) — =8 Z(Us—1)s — zu” Vi_ju)du.
(2ﬂ)gdet|Vt1|/ ( (Ue-1) 2 (U-1) 2 1)

374 Apply dominant convergence theorem to lim,, o ¢v, ($), we have:

- - L T Ly _Lr
nh_)néo(bUt(s)—nlgréc @) E et Vi) /exp(zs w(Us—1) 55 3(Ui—1)s 5 U Vi—iu)du
. 1 , U1

:hmd—/ex isT\/n(G —1) — G(6—

n—oo (27)2 det |V;_1| p(is”/n(G( Vn ) (6-1))

1 7 Ui—1 1 7
- 38 ZU“1+9 71(G( NG + 6 1))5—§u Vioiu)du

U

T im exp(is? v/n(G il —1) — G(6s—

T 2t det|Vt 1|/Mo plisT V(G )= G0

1 U1 L r
- 58 EU‘f‘1+9t_1(G( NG +6,_ 1))s—§u Vioju)du

1

1 1
= [ exp(is"VG(0_1)u — =578y, (G(0:_1))s — =uT Vi_1u)du
e [ s OO 55T (G0 Vi)

1 1
= eXP(_§3TVG(9:&71)Vt+1VG(9t71)TS - isTEUt—l(et)s)v
a75 which is the characteristic function of N'(0, V;), where V; = VG(60;_1)Vi_1VG(0;_1) T +30,_, (61).

aze Here we use the fact that lim,,_, . /1 (G(% +6;1) — G(Qt,l)) = VG(6:-1)y, and the domi-
377 nant convergence theorem holds as we have

|exp(isT v/n(G (litfl +60i1) — G(6i-1))

1 U1

1 1
+0-1)s = Sul Vicu)| < [exp(=5u"Viogu)].

s7e  Thus we conclude by induction that

U, 2 N(0,V7),

V=Y [H vG(0))

i=1 Lk=i

E91'71 (9 )

t—1 T
[Ivéen
k=i

379 And by the theorem of implicit function, we can calculate the gradient of G as follows

-1
— _ 2 . _ .
VG(Q) = |:(V¢(x7y)IED(0)€(CE,y,¢))|¢_g(9)] (V,pvg(x,y)IED(g)é(x,y, 1/1))|¢:G(9).
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-1

VGl =—| B, Vil Vs E_ Vel(z,y;0
(O) (@)D (O8) ol(x,y; Okt1) ( () (00) ol(z,y k+1))

= —Ho,(Or41)"' (V5 E Vef(xay;9k+1))
(z,y)~D(0k

= —Hy, (9k+1)_1Ez~D(0k)[v0€(Z7 Or+1)Vologp(z,0;) '],

A.2.2 Score Matching

In this part, we provide details about our score matching mechanism.
Given that
VG(0k) = —Hp, (Ok41) "Eoup(on) [Vol(z, 0k 41) Vo log p(z, 0k) ],
once we have a good estimation of Vy log p(z, 0) for all z € Z, VG(0y,) could be easily estimated
by samples.
Recall that we use a model M (z, 0; 1)) parameterized by v to approximate p(z, §). Inspired by the

objective in [12], for any given 6 (e.g., 6y), we aim to optimize the following objective parameterized
by :

I(w) = [ 5l 0)|Vilogp(z,6) — s(z. 65 ) dz

— [ 9.0 (IValoB (. O)IF + (2, 8: )| ~ 2V log(z,6) (2,61 ) ) =
where s(z,0; 1) = Vglog M(z, 6;1).

As mentioned in the main context, the first term is unrelated to v/; the second term involves model M
that is chosen by us, so we have the analytical expression of s(z, #; ). Thus, our key task will be
estimating the third term, which involves K(z,0; ) := [ p(z,0)Vyglogp(z,0) " s(z, 0;1)dz.

Lemma A.8 (Restatement of lemma([3:3). Under Assumption[A.2} we have

d
0 Olog M (z,0;v 0%log M (z,0;
ey = 35 [ [ oM [ P50,

i=1
where 01 is the i-th coordinate of 6.

Proof. Recall that 6 is of d-dimension.

d
01 ,0)  Olog M(z,6;
/p(z,@)Vg logp(z,0) " s(2,0;1)dz = Z/p(z,e) Oggsf ) Olog 59((1‘2) ¥) dz

8logp z,0) 0Olog M(z,0; w)
_Z 900 PG

_Z/ﬁp z,0) 6logM(z,0;w)d
BYI0) 96 =

Then, we study [ agé’ff Olog Ag((if’eﬂp) dz. Under Assumptlon the integral and differentiation

dz.

of the following equation is exchangeable, i.e.,
0 OM(2,0:) , [ p(2,0) OM(z,0;¢)
200 / PO 500 == | em  apn
According to integral by parts, we have
Op(z,0) OlogM(z,0:4) 0 OM(z,0;7) 0% log M (2, 0; %))
Ve, 0) DNos Mz 0) - aem/ (0 22 dz—/p(z,e> R
Thus, our proof is completed. O
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The rest of the estimation process via policy perturbation is provided in the main context in Section 3]

The other part omitted in Section 3]s the details about Eq. [2]that
VA6, — 60) S N (0, 1)

Here V; denotes the sample-based estimator of the variance, obtained by plugging in the empirical
Hessian and empirical covariance matrices:

Hy (01) =E,_pg, \Val(z:0:), Cov, _pg, . (Vol(z6r)),

as well as the estimator for VG(0;_1):
—H;, (0)7'E, _pg, )[Vel(z 0)Velog M(z,0;1,4)"],

where 7,/} is obtained by minimizing jn k-

Eq. 2] is a direct result following Slutsky’s theorem. Assumption [A.3] makes sure the empirical
optimizer set can converge to the population optimizer set. Then other parts such as estimation of the
Hessian matrix etc. could all be directly obtained by standard law of large numbers. Thus, we can
directly use Slutsky’s theorem to obtain Eq.[2}

A.3 Details of Section[d;: Theory of Prediction-Powered Inference under Performativity

Without loss of generality, we let Ny = N and n, = n forall¢ € [T].

Let us denote

L£5(0) =B, ) p@lle.y;0), L3(60):=Lg,,(6) +X- (L] (0) = L] (6)),
where
n n N
£3,0(0) = -5 Uiy 6), L], 6) = S 0((eos F2)):0), ]y (6) = 2 SO L((a F(at)): ).
=1 i=1 i=1

Here the samples (z;, ;) ~ D(f) and 2 ~ Dy () are drawn from the distribution under 6. Recall
that we have defined X, 5(0) = Hy(0) " (TV/\%(O) + V)\’é(ﬁ)) H;(0)~* before Theorem (in
the following we sometimes omit 7 for simplicity).

Theorem A.9 (Consistency of §!). Under Assumptionand ife < 1, then for any given
T > 0, we have that for all t € [T,

0% () > Oip.

Proof. Let us denote G (0) := argming cq o Son, £(z, f(2);0') + L S0 (U(ai,yi;0') —
M(z, f(x;);0")), where the samples (z;, ;) ~ D() and 2} ~ Dx (6) are drawn for some parame-
ter 6 along the dynamic trajectory 6y — O — -0, —

16 — 0| = |G (Be—1) — G, (677l
< |G, - éi(l’“>||+||e<et 1) = GE)|
< |G(B™) — G, (@67 +sf||et A

where the last inequality follows from the results derived by [23]], under Assumption[3.1] we have
IG(8) = @Il < L0~ ¢]|.

Notice that E(£{27 (6)) = Eézpl ) (0). By local Lipschitz condition, there exists €y > 0 such that

0 PPI

At P
Sl}p |£fPPI ( ) - ‘Cét"'jl(eﬂ — 0.
0:(|0—G (077 )] <eo iz

18



m7  Since £ is strongly convex for any 6, G(APP,) is unique. Then we know that there exists d such that
418 ﬁf”\tl (0) — Lo, (G(BPP)) > & forall @ in {0 | ||0 — G(8PP')|| = €o}. Then it follows that:

PPI
o0

e _rhXx /PPI
llo— G(ég’f)ﬂzeo‘céf‘fl(e) ‘Cégljl(G(e 1)

= nf (L (0) — Lo (0)) + (Lym, (6) = Lom (GOT™)))
HQ_G(QPPll)H_EO —1 t—1 t—1 t—1

+ (Lo (GE) = Lo (GE)))
2(5 — Op(l).

#19 Then we consider any fixed 0 such that || — G(6P,)|| > e it follows that

Ef At (9) £f At (G(éfill)) > 60— G(éfill) (Ejf.)\f ( ) ,Cf At (G(QPPI )))

g g = — G(éPPI ) [ orer
9 G GPPI
> w((s —op(1)) 20 —op(1),
€0

420 where the first inequality holds for any w by the convexity condition of cl g (0) and the second

421 inequality holds as we take w = %60 +G(6F)) and using the above result. Thus no 8 such
t—1
422 that |0 — G(6"P)|| = € can be the minimizer of Eg;,ﬁ‘ (A). Then ||G(6P™,) — G, (GPPI ) > o.
t—1

We then have, for a given T' > 0, we have that for all ¢ € [T,

t
; Brimir vapets  Af cgpelyy P
1077 =0l < D (e2) G — G 6] > 0.

i=0
sopp P
a23  Thus, we conclude that "1 — 6. O

Theorem A.10 (Central L1m1t Theorem of §P!()\;), Restatement of Theorem 4.1). Under Assump-
tlonn q and. zfe < and = — 1 for some r > 0, then for any given T > 0, we have that

forallt €
\/ﬁ(ofljl()‘t) - et) ’_> N<O7 ‘/tPPI({Aja 0j }jzl; T))

with
-

[Ivee,

k=i

t
VI (N, 0 ) =)

i=1

t—1
Z>\i70i—1 (ei; ’I“) [H VG(GIC)
k=1

Proof. Let us denote the variance terms by V"' for simplicity, while omlttlng explicit dependence

on parameters in the notation. Let Uy := /n("' — 6,) and denote 0, = G(A'™). We make the
following decomposition:

O — 0, = (0, — 0,) + (0™ — 0y) .
—_—— N——
M @

a2 Step 1: Conditional distribution of U;|U;_;.

425 For term (1), we have

V(0 = 6;) = Va(G(OP) — G(6;-1)).
426 For term (2), the empirical process analysis in [1] establishes that

Vi(OF™ = 00)|677 2 N(0.Z, g (Bi57),

19



where the variance is given by

i, 051) = Hagn 0 (1V] g (004 V3, g, 0)) g, (6

427 Conditioning on

E,h:=

aPP

i1, for any function h, we use the following shorthand notations:

1 n
E Z h(xza yz) Gnh = \/E(Enh’ - E(Ly),\,p(églﬂl) [h(ll}, y)]))
N

Z . Gyhi=VNENh—E, 5, gm ) h(z, f(2)),

% Z h(xza f(xz))v Grfzh = \/E(IAEnh - ExNDX(étPljl)[h(xa f(x))])

Note that 0, = G(AP™). Recall that

L5(0)

= B la,y:0), LIN0) =L, 0)+ A (L]

0) — L1 ().
enZa an(@) =L (0)

a2s  Under the assumptions, Lemma 19.31 in [29] implies that for every sequence h,, = Op(1), we have

) — ] B
Vi (o042 — 050 ) = BTt 50| S0,
I v N E

{\/ﬁ <€(I7y; 6, + \ﬁ) — Uz, y; 9t)> — hy Vol(z,y; Gt)] Lo,
[ 0 hn 0 T <] P

429 Applying second-order Taylor expansion, we obtain that

~ hoy, ~ -
nk, (E(x, y; 0y + %) —l(z,y; Ot)> =n <£ém (0: +

hy, 7] 2
ﬁ) . Léf‘fl(et)) + hy, G Vol(x,y;60) + 0p(1)

= 7h HQPPI (at)hn + hlGnveé(zvy, ét) + O;D(l)'

430 Based on similar calculation of the previous two terms, we can obtain that:

d

~ hn ~
‘C;:Pli\l (et + \/ﬁ) Egpr/‘\l ( ))

1 N oy R -
=gl Hon (B)hs + b} (@n + A/ %G8 - AG5> Vol(z,y; 0r) + 0p(1).

@1 By considering by, = /n(0F"—6;) and hy, = —Hgm (6;)~! (Gn +A/EGL - AGJL) Vol(z,y;0:),
432 Corollary 5.53 in [29] implies they are O p(l) and we obtain that

n (f, @ -
n (g G+

Since 657! i

h

- 1 - R R .
,cg,,g (ot)> = §h:‘LTHé§,L(0t)h; +hT <Gn + X\ /%G{V - AGg) Vol(x,y;0,) + op(1)

\/’:) z;;;,g (eg) = hTHQPPI (0)hn + 0p(1).

is the minimizer of £ | the first term is smaller than the second term. We can rearrange

GPPI *

the terms and obtain:

—h )TH 1 (ét)(hfl — hn) = op(1),

n

1 *
3k
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a33 which leads to b} — h,, = Op(1). Then the above asymptotic normality result follows directly by
43¢ applying the central limit theorem (CLT) to the following terms, conditioning on 6% :

\/ﬁ(éPPI - éf)|éPEll - *Héppl (ét)il (Sl + SZ) + OP(1)7

)‘f\/>\/72 vf)[ xt z’f Ly, 1,) 91‘) mNDEQPPI )V@f( f( ) et))

Sy = \/>Z VQExtzyytzaet) NeVol(xe i, f(2e:);0r)

@
X

= (90l 00 = Aol £ 60)]).

(z.y)~D(O))

435 Note that, conditioning on F)f PL, (1) is a constant. Therefore, (1) and (2) follow a joint Gaussian

436  distribution. Consequently, given U;_1, the conditional distribution of U, is given by:
Up|Up—1 = /n(0F" — 6,)|6P7,
= V(0 = 0) + V(0™ — 0,) |07,
= V(G(O™) = G(0:-1)) + V/n(0F™ — 0:)]077
D A
Ly (VRGE™) = G(1)). 5y, gm 0ir) ).

Ut Ut
:N(\/ﬁ( ( \/>1 +9t 1) G(Ot,l)),Z)\t’u\tF 4o, 1(C;’( \/»1 +9t 1) ))

37 For later references, we denote Uy | U1 D, N(uw(Us—1), 2(Ug—_1;7)).

438 Step 2: Marginal distribution of U;. We calculate the characteristic function of U; by induction. To
439 begin with, we directly have

X1 2 N(0,VEP), VIR =55 6, (013 7).
Now, assume that Uy_1 = A/(0, VP!, we derive the joint distribution of (U, U;_1) and marginal

distribution of U;.Then we have, the characteristics functions ¢ and the probability density function p
of distributions U;_1 and U; | Uz follow:

1 —izTu
%JWWWWWFWKTWHzmmFQWﬁ bu,_. (2)dz

, 1
DU U1 (8) = DN (u(Us— 1), 5 (Us_13) (5) = explis” p(Up—1) — §5TZ(Ut—1§ 7)s).

as0  Then according to the proof of vanilla CLT under performativity in Section[A.2] we have:
1

. 1 1
du,(s) = W /exp <ZST[L(U1‘,—1) _ ESTE(Ut_l; r)s — QUTVPPI ) du.
t—1

441 Apply dominant convergence theorem to lim,,_, ~ ¢y, (s), we have:

: _ T ; _1 TyPPL
Jim ¢y, (s) = lim m)F det [V /e xp(is” w(Ui1) — 58" S(Ui157)s ViZ )du
:hm—/ st G(Yz 10 G0,

e (27T)2 det|VPP | \/>( ( 1) = Gl 1))

- isTEAt,LJ# +0t71(G(U\tfl +0i1)i7)s — iuTthfplu) du

1 T U

=————— [ explis vVn(G(== + 0 G(0;_

oo J (VA 0 - G0
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443

444

445

446

447

1.7 Ui_a e _ L, T/PPI
—1s Ekt,Uf/%l-s-ef,_l(G( NG +0,1);7)s — 2u Vt71u> du

_ 1 T 1T . 1, Ty/PPI
= (277)% det VP /exp(zs VG(Oi—1)u— 55" Xx,.0,,(G(0i—1);7)s — 5u Vt_lu) du
= exp(—%STVG(Ht,l)Vt]ﬂVG(Gt,l)Ts - %STE,\t’etil(tgt;T)S),

which is the characteristic function of N (0, V;P™'), where VP = VG(0,_1)VERVG(9,-1)T +
Ya..0,_, (Bg; 7). Here we use the fact that lim,,_,o /1 (G(% +6;1)— G(Qt,l)) =VG(0:-1)y,
and the dominant convergence theorem holds as we have

Ui—1

. 1 1
|exp(st\/ﬁ(G(W +6i-1)—G(6i—1)) — §STZ)\“U%1 +9“1(G(W +6i1);7)s — §uTV,E){u)|
1
< Jexp(—5u" V{u)].
Thus we conclude by induction that
Ut ‘D_) N (07 ‘/tPPI) )
t [t—1 t—1 B
‘/;PPI = Z HVG(HIC)‘| E)\i—lyei—l(ai;r) HVG(ak)] :
i=1 k=i k=i
And we have:
-1
VG(6) = — E  V2(x,y;6 } Vs E  Vel(x,y:0
() [(x,ww(ek) ot yfenn)| (Vo B, Vollevibin)
= —Hy, (6 (v, E Vol(x,y;0
o (1) 7' ( Do o ? (%, 95 0k+1))
= —Hp, (Ok+1) "E.up(o,) Vol (2, 0k41) Vo log p(z, 0x) .
O
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B Experimental Details

B.1 Additional Experimental Details

As described in Section[5} we construct simulation studies on a performative linear regression problem,
where data are sampled from D(0) as

y=a ot uT0+t v, w~ N, 55), v~ N(0,07).

At each time step ¢, the label y; is updated with ét,l via the above equation, and then ét is obtained
by empirical repeated risk minimization with the updated data z; = (¢, y:). The objective of this

task is to provide inference on an unbiased ét with low variance, that is, the ground-truth 6; is covered
by the confidence region of §; with high probability, and the width of this confidence region is small.

Given a set of labeled data, we can obtain the underlying 6; as
Or = (S0 + pabty +71a) " (apt 01 + (So + papiy ar) - 4)

To compute the coverage and width of a confidence region Ry (n, 0) for ;, we run 1000 independent

trials. For each trial j, we sample Gt j together with with its estimated variance V} _j» and construct
two-sided normal intervals for each coordinate i = 1, ..., d:

(i) ) _ 0
) iqlx/vm/n}, Gog =01 ),

where d = 2 is the parameter dimension, § = 0.1 the significance level, n the data size, and ® ! the
standard normal quantile. The interval width of each trial is averaged over d coordinate intervals, and
we count this trial as covered if the ground-truth 6, lies inside all d coordinate intervals simultaneously.
Finally, we report the average width and coverage rate over all trials.

Similarly, to compute the coverage for performative stable point fpg, we can obtain the close-form
Ops for this task as follows:

Ops = (Sa + papty — piapt’ +71a) " (S + fopty ). (5)
As defined in Corollary the confidence region for fpg is constructed with

B\t
Ru(n,0) + B(0,2B( > .
where € = ||p|l2, B = ||6p — Ops||2, and

o= max fmalol 4}, s (/@70 =g+ [oll62) + el |

(z,y)E(X,Y),0€0

Here we take X = {x : ||z]|3 < 20}. Note that the closed form expressions for the update and
the performatively stable point in Eq. [Z_f] and Eq [B]hold for any distribution of  with mean 1, and
variance ¥, and v with mean 0 and variance o2 v For easier calculation for the smoothness parameter,
we truncate the normal distribution of (z,y) such that ||z||3 < 20. The mean and variance of the
resulting truncated distribution can be well approximated by those of the original normal distribution
due to the concentration of Gaussian.

We run our experiments on NVIDIA GPUs A100 in a single-GPU setup.

B.2 Additional Experimental Results

Ablation study on effects of v. In Figure we compare confidence-region performance under
regularization strengths v = 1 and v = 3. Together with results of v = 2 in Figure[I] we can find that
as -y increases, the gap between the coverage for 6, (solid curve) and the bias-adjusted coverage for
Ops (dashed curve) vanishes more quickly across iterations. For example, at ¢ = 3, the dashed and
solid curves are tightly closed for v = 3, while a substantial gap remains for v = 1. This phenomenon
derives that the larger -y yields a more strongly convex loss, which both accelerates convergence of
the estimate 6, to its stable point and reduces the performative bias ||, — Opg||. Consequently, the
bias-awared intervals converge for fpg to the original ones for 6; in fewer iterations when + is larger.
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Ablation study on effects of . In Figure[A2] we compare confidence-region performance under
sensitivity € ~ 0.003 and € ~ 0.03. We can find that as € increases, the gap between the coverage for
0; (solid curve) and the bias-adjusted coverage for fpg (dashed curve) vanishes more slowly across
iterations. For example, for £ ~ 0.003, the dashed curves tightly upper-bound the solid curves at
t = 3, whereas for € ~ 0.03, a noticeable gap persists even at t = 5. This behavior is because a higher
¢ amplifies the performative shift (the dependence of the label distribution on ), which increases the

performative bias. That is, stronger sensitivity requires more iterations for 6, to approach its stable
point, slowing down convergence of the two confidence regions.

Ablation study on effects of 05. In Figure we compare confidence-region performance under
noise level 05 = 0.1 and 05 = 0.4. We observe that across all settings, PPI with our greedy-selected

\is essentially never worse than either baseline A = 1 or A = 0. When the noise is low (05 =0.1),

greedy )\ behaves similarly to A = 0, placing almost all weight on the true labels. Conversely, when
the noise is high (05 = 0.4), greedy A behaves like A = 1, relying more heavily on pseudo-labels

to reduce variance. For the intermediate noise level 02 =0.21in Figure greedy A significantly
outperforms both baselines by hitting the optimal bias—variance balance.
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(a) Confidence-region coverage and width with v = 1.
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(b) Confidence-region coverage and width with v = 3.

Figure A1l: Confidence-region coverage (top row) and width (bottom row) with different choices of A.
The setup is the same as in FigureEl, only we change v = 1 or v = 3.
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(a) Confidence-region coverage and width with € = 0.003.
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(b) Confidence-region coverage and width with € ~ 0.03.

Figure A2: Confidence-region coverage (top row) and width (bottom row) with different choices of A.
The setup is the same as in FigureEl, only we change € ~ 0.003 or € =~ 0.03.
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(a) Confidence-region coverage and width with 03 =0.1.
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Figure A3: Confidence-region coverage (top row) and width (bottom row) with different choices of A.
The setup is the same as in Figure only we change 05 =0.1or 05 =04.
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